I[TPUMEPHI PEHHIEHMA 3AJTAY

Ilpumep 1. HaiiTu panr MaTpuisl

Pemienne. MuHop BTOporo nopsijika
-1 3

M=,

Bbruucinum MUHOPBI TPETHETO MOPAIKa, OKaiMistonie MuHop [M|. Mx Oyzaer tpu

Zz0.

2 -1 3 |2 -1 3 -1 3 =2 |-1 3 =
M|=}4 =2 5|=|0 0 =l=0, |M,|=|-2 5 1|=|]0 -1 5]|=0,
2 -1 1 10 0 =2 -1 1 8| [0 =2 10

-1 3 4 |-1 3 4
Mj|=|-2 5 71=|0 -1 -1|=0.
-1 1 2 |0 2 =2

WTak, mosyymsiv, 4To paHr MaTpulbl 4 paBeH 2, 0603HauuM r(4) =2.

3
Ilpumeuanue. Beero B marpuue A necsaTb MMHOPOB TpeThero mopsuaka, C.. Meron

MO3BOJIAET YTBEPXKAATh, YTO BCe 3TU 10 MMHOPOB paBHBI HYIIO (€CIU OKaUMIISIFOIIINE MUHOPBI
PaBHBI HYJIIO).

Ilpumep 2. BeluMCIUM paHT MaTpPULIBL:

25 31 17 43

e 75 94 53 132
75 94 54 134

25 32 20 48

Pemenue. IlpubaBiasieM B 3TOW MaTpuile KO BTOPOM CTPOKE TIEPBYIO CTPOKY,
YMHOXEHHYI0O Ha (—3), K TpeTheil CTpPOKE MEPBYIO CTPOKY, YMHOXXEHHYIO0 Ha (-3) U K
YETBEPTOH CTPOKE NEPBYIO CTPOKY, YMHOXKEHHYIO Ha (—1), mpuem K MaTpuLe:

25 31 17 43
0o 1 2 3
0o 1 3 5
0o 1 3 5

B HOBOIi MaTpuiie npuOaBiIsieM K YETBEPTOW CTPOKE TPEThIO CTPOKY, YMHOKEHHYIO Ha
(=1), a kK TpeTheli CTPOKE BTOPYIO, YMHOKEHHYIO Ha (—1), TOJIydrM CTYIIEHYATYIO MaTPHUILY:



25 31 17 43

0o 1 2 3
0 0 1 2
0 0 0 O

B 5T0if mMaTpuie 4uCI0 HEHYJIEBBIX CTPOK PAaBHO 3 M IMOATOMY PAHT CTYNEHYATOU
MaTpHUILBI paBEH 3 1 OH paBEH paHry MaTpulbl 4, T.€. r(A4)=3.
Ilpumep 3. Hailtu HeBbIpOkIeHHBIE MaTpuilbl P m T eciu OHU CyIIECTBYIOT,

2 3 4 1 1 1
yaoBieTBopstoniue paBeHcTBy A=PBT,rne A=|4 3 2|, B=|2 2 2|.
1 11 31 2

Pemenue. 1) [lpunuceiBaeM k matpuiie A €IUHUYHYIO MaTpPHUIly W CJIeBa W CIIpaBa.
BeinonHss sneMeHTapHbIe TpeoOpa3oBaHusl CTPOK B MaTpule A, Mbl OyAeM OZHOBPEMEHHO
BBIMIOJHATh 3TU NpeoOpa3oBaHUs B €IMHUYHON MAaTpulle, CTOSIIECH ClieBa, a BBIMOIHSISA
BIIEMEHTapHble MpeoOpa3oBaHusl CTONOIOB B MaTpuie A, Mbl OyneM OZHOBPEMEHHO
BBITIOJIHATh OTH TPEOOpa3oBaHUs B CAMHUYHOW MaTpHIle, CTosmmed cmpaBa. I[lyrem
AIIEMEHTApHBIX TpeoOpazoBaHuii mpuBoauM matpuily 4 k marpune E; — k marpuie, y
KOTOPOW IO TJIaBHOW TWAroHad CTOUT Kk €AWHHIL, TA€ kK — paHT MaTpHIlbl A, OCTaIbHbIE
JJIEMEHTBI HyJIU. BMECTO €IMHMYHON MAaTpHULBI, CTOSILEH ClieBa, MOJy4uM Marpuuy Pj, a
BMECTO €IMHUYHON MaTpuIsl, crosimeil cripaBa Matpuny Ti: (E|A[E) — (Py|E4T)).

2) (E|BIE) - (P2|E4T,). U monyuaem ¢ ognoii ctoponsl E;=P 14T, a ¢ npyroii E;=P,BT»,
orcroza umeeM P AT =P,BT, u A=(P,"'P,)B(T,T,")=PBT.

[IpuMeHuM 3Ty cXeMy K HalllUM MaTpHUIaM:

I 11
1) Marpuny 4 moxxHo npuBectd Kk crynenuatod C =0 1 2|, r(4)=2, a matpuny B -
0 00
1 1 1
crynenyaroi matpuue | 0 -1 1|, r(B)=2.
0 0 O

1 002 3 41 00 00 1| 1 1j1 0O 00 I|I 1T 1§jI 00
010432010(-/10-=201 2010|-10=2201201F0|-
00 1j1 T 110 01 01 40 -1 20 0 1 1 1 -60 0 00 01

00 1)1 1L 0 0 00 11 001 -1 0 (00 1]1 0

1 -1 1
-1 0 =201 1§10 I -1I|-|1 0 =20 1 10 1 -1{-{1 0 200 1 00
0

1 2
1 1 =60 0 00 0 1 I 1T -60 000 0 1 I 1 -6/0 0 0 1
Py E, T
E2:P1AT1 (1)
2) AHaJIOTUYHO, IyTeM HECKOJBKUX MpeoOpa3oBaHuit
1 0 O I If1 0 O I 0 01 0 01 1 1
01 02 2 201 0|-|-3 0 10 1 00 0 1
0 0 13 1 20 0 1 -2 1 00 0 00 -1 =2

P, E, T,



E,=P,BT, (2)
[TpupaBuuBaem npasbie yacTu paBeHCTB (1) u (2), momyunm P1AT=P,BT,, otkyna
A=(P,"'P,)B(T, ,"")=PBT wmm, oGo3uauus P,"'P,=P, a T,T,'=T, umeem A=PBT. Haxomum

2 10 L1 -1 0 1 1 2 4
P =4 -1 1|,77={0 1 2|.Orctoma P=|-5 1 -1|\uT=|0 0 1 |wm

-1 0 1)\1 I 1)1 2 4
A={-5 1 142 2 2]0 O 1
1 0 0\3 1 2){\0 -1 -4

Hpumeuanue. {1 matpuny 4 1 B 0qUHAKOBOTO pa3Mepa HEBBIPOKIECHHbIC MAaTPULIbI P
u T, ynosnerBopstouiue paseHcTBY A=PBT HaiinyTcs TOrna u ToiabKo Toraa, koraa r(A4)=r(B).

Ilpumep 4. Haiitu matpuny B, yaoBieTBOpsiomlyr paBeHCTBY BA=C, rne C —
CTyNeHYaTass MaTpulla, K KOTOPOM MPUBOAMUTCS MaTtpula A ¢ MOMOUIBIO 3JIEMEHTapHbBIX
npeoOpa3oBaHM CTPOK:

— NN
—_ = W
S N
S O W

4
3
0
2 3 1 11

Pemenue: [lpunuceiBaem k MaTpule 4 cieBa eIMHUYHYIO MaTPHILy, 3aTEM C ITOMOIILbIO
AJIEMEHTApHBIX TPEoO0pa3oBaHUN CTPOK MPHUBOAMM MaTpuiia A k cryneHdaroi marpuie C,
OJTHOBPEMEHHO BBITIONHSS 3TH NpeoOpa3oBaHUS M HAJ €IWHUYHOW MaTpuueil. Matpuna,
MOJIy4eHHAsi BMECTO eMHIUYHON MaTpuIlbl U Oyaet uckomoii Matpuneii B: (E|4) - (B|C).

100023413y (001011000 (001 d1 1 000
010021320/ 010021320/ (01 =2200-320
001011000/ 000123111 joo0o=101T1T1T1]|
ooo0123111) Llooo23413 Lo-=2001413
001di 1000y 01011000 (001011000
012d0 1320/ |01 20043 20/]01 2004320
o1 4100431/ 01 4100 4 31| 144 2 0431/
114000733 U442 0431)1 41004 31
00 1011000
01 2004320
T4 900 4 31
4312000 95
B C
ITomyuywnnu, yTo MaTpuna
00 1 0
o0 1 20
1 -1 4 =
4 -3 12 7

CrenaeM mpoBepKy — NEPEMHOXKHUM MaTpHLbl B U A:



0 0 1 02 3 413 1 1. 0 0 O
0 1 -2 021320 0 -1 3 2 0
BA= = =C.
1 -1 4 =21 10 00 0 0 -1 31
4 -3 12 -7)\2 3 1 1 1 0 0 0 95

Ilpumep 5. IlpencraButh MaTpuly 4 B BUJ€ IPOU3BEIECHUS JIEMEHTAPHbBIX MaTpPHIL:
I 1 1

A={2 0 2.
3 01

Pemenne: CxeMa pelieHus 3aadu TaKoBa:
OnmHo mpeoOpa3oBaHue  OJHO ITpeoOpa3OBaHUE

(ElA™) - (Uildy); (El41) - (Uad2); ... ;5 (ElAk1) ~ (UiB).
Us...U U A'=E, 4=U,...U>U;
0 -1/4 1/2
Haiimem A'=| 1 -1/2 0
0 3/4 -1/2
0 olo -1/4 1/2 01 o1 -1/2 0

) (01 O1 -1/2 0 -1 0 00 -1/4 1/2 |;
0 0 1|10 3/4 -1/2 0 0 10 3/4 -1/2

0 o1 -1/2 0 1 0 01 -1/2 0
2) |0 1 00 -1/4 1/2 |-|0 1 1|0 1/2 0 |
0 110 3/4 -1/2 0 0 110 3/4 -1/2

0 o1 -1/2 0 1 1 01 O 0
3) {0 1 0j0 1/2 0 10 1 00 1/2 0 1;
0 110 3/4 -1/2 0 0 110 3/4 -1/2
Us

0 o1 0 0 0 o1 O 0

4) (0 1 00 1/2 0 10 2 00 1 0 |
0 0 110 3/4 -1/2 0 0 110 3/4 -1/2
Us

—

1 0 0 0 1 0 Oo1 0 O
5 10 1 0 1 0 -10 1 00 1 0 |
0 0 1|0 3/4 -1/2 0 -3/4 10 0 -1/2
Us
1 0 O 0 O 1 0 0|1 0 O
6) |0 0j0 1 0 -10 1 0|0 1 Of.
0 0 110 0 -1/2 0 0 =20 0 1

Us
Hrak, U6U5U4U3U2U1A'1=E, 0oTCIO1a



1 0 0)1 0 O0)1 0 0}l 1 O0)1 O0 0)}O0 1 O
A=UsUsUsUsULU= 0 1 0 |0 1 010 2 040 0jjo0 1 11 0 0]
00 -2)\0 -3/4 1){o0 0 1){0 0 1){0 O 1){0 O 1

IIpumeuanue. Tonbko HEBBIPOKICHHYIO MATpPUIy MOXKHO MPEJICTaBUTH B BHUIE
MPOU3BCACHUS SJICMCHTAPHBIX MAaTpPHUII.
Ilpumep 6. J11s1 MaTpulibl A HAUTH OOPATHYIO MATPHUILY A JBYMSI CITOCOOAMH:

2 31
A={1 1 0].
1 20

1 cnocoO. [{ns matpuisl A odpaTHast MOXKeT OBITh HaliZieHa TAKUM 00pa3oM:

A= ||A' (1), rme A — 510 MPUCOEIMHEHHAs MaTpulla K MaTpuiie 4 u
A

rae A; — anreOpandeckoe TOMOIHEHHE JJIEMEHTA a;; MATPULIBI A.
(AnreOpandecKuM JIOMOIHEHUEM A;; 2IEMEHTA a; MaTpHULbl A Ha3bIBA€TCs IPOU3BEICHHIE
(-1)"OMO, roe OMO — onpenenuTenb MATPUIbL, MOTYYCHHOH M3 JJIEMEHTOB MATPHIBI A,
MOCJIe BEIYEPKUBAHUS [ CTPOKU U j CTOJOIA — JOMOJHUTEIBHBI MUHOP K MUHOPY TIEPBOTO
HOPSIKA ajj).

Onpenenurenb MaTpullbl A=1#0, T.e. MaTpuIla HEBBIPOKACHHAS.

T.e. mo popmymne (1):

0 2 -1
A7=l0 -1 1
1 -1 -1

2 cnoco0. IlpunuceiBaeM k Marpuie 4 cieBa €IUHUYHYIO MaTpHIly, 3aT€M C MOMOILBIO
AJIEMEHTApHBIX MPEe0Opa30BaHUI CTPOK MPUBOANM MATpUlly A K €IUHUYHON, OJTHOBPEMEHHO
BBITOJIHSSL 9TH MPeoOpa3oBaHus M Hall EAMHUYHON MaTpuiiei. MaTpuiia, mojryyeHHass BMECTO

(£4) - (47|E).

€IMHUYHOM MaTpULbl U OyJIeT HCKOMON MaTpHIeh A



1 0 02 3 1 0O 1 o1 1 0 0 1 0110
01o011UO0(-{001/1 2 0(-{0 -1 10 1 O] -
0 0 1|1 2 0 1 0 02 3 1 I -2 00 1 1
0 2 -I1{1 0 O
0 -1 1{0 1 0].
1 -1 -1} 0 0 1

0o 2 -1
Urak A '=| 0 -1 1 |, Taxxe KaK ¥ B TIEPBOM CIIOCO0E.

IIposepka: A'A=447"=E.
Ipumep 7. Pemnts MatpudHoe ypasaenue AX+B ' =C, (*)

1 3 1 -1 20
roe A= , B= , C=
1 2 0o 2 1 3

Pewenne. U3 ypasHenus (¥) umeem AX=C— B, X=4"' (C- B),
S (1 1/2 , (2 0 1 1/2 1 -1/2
Haxogum, B '= , 3ateM C— B = — = ,
0 1/2 1 3 0 1/2 1 5/2
5 (2 3 -2 3)\(1 -1/2 1 17/2
A= U MOJy4nuM X= = .
I -1 I -1)\1 5/2 0 -3

Ilpumep 8. Pemmmth cnemyroniye CHUCTEMBI, 3aJaHHBIC PACHIMPEHHBIMH MAaTPHIIAMH
MetoaoM ["aycca (MeToa HCKITIOUEHNS HEU3BECTHBIX ):

1 -1 -4 9] 22 1 3 5 -2/ 3
ar=| - 20 T oy or-2 1 > 12 o
2 3 1 5| -3 1 5 -9 8
3 2 -5 1| 3 518 4 5|12
1 -3 2 4|8
. 320137 o)
-5 -1 0 2|6
-8 3 1 5|1
Pemrenne.

a) IPUBOJUM paCIIMPEHHYI0 MaTpully /' K CTyIIEHYaTOMY BHIly, TEM CAMbIM B CUCTEME
(1) mocnenoBaTenbHO MCKIIOYAEM HEU3BECTHBIE — BO BTOPOM YPaBHEHMM HEU3BECTHOE X|, B
TPETbEM YPAaBHEHUH HEU3BECTHBIE X| U X2, @ B UETBEPTOM YPaBHEHUHM HEU3BECTHBIE X1, X2 U X3.



1 -1 -4 9| 2 1 -1 -4 9| 2 1 -1 -4 9] 22
|03 4 -i3paas) foo1 7 26 63| |0 7 26| -63
0 -1 9 -13| 47 0 3 -13| 25 0 -17 65| 164
0 1 7 -26/ 63 0 -1 9 -13| 47 0 16 -39 -110

1 -1 -4 9] 22 1 -1 -4 9] 2 1 -1 -4 9| 22
01 7 -26/-63| [0 1 7 -26 63 0 1 7 -26| —63
“lo 0 -17 65| 164 |0 0 1 26/ -54| |0 0 1 -26| -54
0 0 -1 26| 54 0 0 -17 65| 164 0 0 0 -377| 754

3

npusBens /' K CTymeHYaToMy BUAY, NOaydumid, 4to r(A)=r(/)=4, orcioma cienyer, 4ro
crcTeMa COBMECTHA M ONpEEIICHA.
Cuctema (1) 3KBUBaJICHTHA CUCTEME:

x, —x, —4x, +9x, =22

x, +7x, —26x, =63
x, —26x, =54
—377x, = -754

N

U3 KOTOPOHM HAaXOIUM, UTO X4=2, X3= —2, X»=3, x;= —1. Takum oOpa3om, peiieHne CUCTEMbI
(1) — yeTBepka uuncer:

(x1, X2, x3, x4)=(-1, 3, -2, 2);

6)
13 5 =23
01 -7 5{-I
r- :
00 0 0[O
00 0 0]O

r(A)=r(I=2, cucrema coBMecTHa H HeomnpeaeneHHa. Cucrema (2) SKBHUBaJIEHTHA
cucTeMe:

3

{xl +3x, +5x, —2x, =3

x, = 7x, +5x, =-1

B KOTOPOH Xj, X2 MOXHO OOBSIBUTH TJIABHBIMH HEU3BECTHBIMHU, a X3, X4 — CBOOOJHBIMHU
HEU3BECTHBIMH W BBIPA3UTh OJHO3HAYHO TJIaBHBIC HEU3BECTHHIC Uepe3 CBOOOIHBIC, IMOTYYHB
obmiee perenue cucreMsl (2). Obmee pemenue cucreMsl (2) Oyaet (—26x3+ +17x4+6, 7Txs—
Sx4—1, X3, X4), TII€ X3, X4 MOTYT IIPUHUMATH JIFOObIC 3HAUCHUSI.

IIpumeuanue. IlpunaBas cBOOOJHBIM HEU3BECTHBIM KOHKPETHBIE 3HAYEHUS, MbI
MO’KEM HalTH 0€CKOHEYHO MHOTO YaCTHBIX PEIICHUH.



-3 4| 8
~11 15| 31
-1 2| 44
00 0 0]310

r(A)=3, r(I')=4, 103TOMy crUCTeMa HECOBMECTHa.
Ilpumep 9. VccnemoBarh CUCTEMY W HaWTH oOIee penieHHE B 3aBHCHUMOCTH OT
3HAYCHUS TapaMeTpa K:

1

0
B)I -
) 0

S 3N

kx, +x, +x, =1
x +trx, +x, =1.

x +x, +xx, =1

Haiinem onpenenutens MaTpuilbl A:

x 1 1] |k+2 x+2 k+2 1 1 1 1 1 1
A=1 « 1|=| 1 K I |=(x+2))1 x 1|=(x +2)[0 x -1 0 |=
1 1 « 1 1 K 1 1 «x 0 0 k=1

=(k+2)(k—1)*:

1) ecmu (x+2)(k—1)*20, To cHCTeMa MMEET SIUHCTBEHHOE PELICHHE H €ro MOXKHO
HaiTH no npasuny Kpamepa.

1 1 1 k1 1 k 1 1
A= k 1=&=1°, |As]=|1 1 1|=(k&-=-1*]43=[1 & 1|=(x-1),
1 1 « 1 1 « 1 1 1

1

9
Kk+2

TOrAA MOJIYYUM X|=X=X3=

2) ecmu A=0, T.e. k= -2 wm k=1, TO
a) pacCMOTPUM CHauana ciydaid, koraa k= —2. Torzna Hameill cuctemMe COOTBETCTBYET
pacIIupeHHas MaTpuLa

-2 1 1|1 -2 1|1 1 2 1|1
1 -2 1(1|-{0 O O 3|-|0 3 3] 0|,
1 1 21 0 3 3]0 0 0] 3

nostyyaem, uro npu k=2 r(4)=2, r(I')=3, T.e. B 3TOM cily4yae CUCTEMa HECOBMECTHA;

0) paccMoTpuMm ciy4ail, korma x=1: cucrema (1) mpuHHMaeT BUA: X;txytxs=1,
r(A)=r(I)=1. OgHO HEW3BECTHOE — X| MOXEM OOBSBUTH TJIABHBIM, X3, X3 — CBOOOJHBIMU U
uMeeM obmiee pemeHue (1-x—x3, Xz, X3), TA€ Xz, X3 MOTYT NPHUHUMATH JIFOOBIC 3HAYCHUSI.
Takum oOpa3om, mpu k=1 cucTeMa COBMECTHA M HEONPEICIICHHA.

Ilpumep 10. Haiitn ¢dyHAaMEHTANBHYIO CHUCTEMY PEIIEHUNA CHUCTEMBI OJHOPOJIHBIX
YPaBHEHUN:



2x, —4x, +5x, +3x, =0
3x, —6x, +4x, +2x, =0
4x, —8x, +17x, +11x, =0
Pemenne. Kaxgoe pemieHue NaHHOW CHUCTEMBI (X, Xz, X3, X4) HPEIACTABISET CO0O0i
HEKOTOPYIO YETBHIPEXMEPHYIO CTPOKY, WM  4eTblpexmepHblii BekTop. [lo ompenenenuro
HECKOJIBKO peleHi 00pa3yioT pyHAaMEHTAIbHYIO CUCTEMY, ECIIH:
1) 3Tu pelieHns TMHEWHO HEe3aBUCHUMBI;
2) mo0oe petieHne MOXKET ObITh MPEJICTABICHO B BU/IE UX JIMHEHHONH KOMOMHALINY.
OauH u3 cnocob0B HaXOXKACHUS (PYyHIAMEHTAIBbHON CHCTEMbI COCTOUT B CIEAYIOLIEM.
Haxonum cHavana ofluee pemieHre JaHHOM cUCcTeMbl ypaBHeHUH. Jlanee BRIOMpaeM OHO U3
CBOOOJHBIX HEU3BECTHBIX U MOJaraéM ero paBHbIM 1, OcTalbHbIE CBOOOJHBIE HEHU3BECTHHIE
OepeM paBHBIMU HYJIO, MIOCJE YEro OIMpEaelisieM 3HAUYEHHUS BCEX OCTAJIbHBIX HEH3BECTHBIX.
Takum myTem, MBI MMOJydaeM HEKOTOPOE YaCTHOE pelIeHWuEe TaHHOW cucTeMbl. Briompas
Jpyroe cBOOOJHOE HEW3BECTHOE (M CHOBa TOJaras €ro paBHBIM EIWHUIE, a OCTaJbHbIC
CBOOOHbBIE HEM3BECTHBIE — HYJIIO), MOJIYYUM JApPYyroe yactHoe pemieHue. [loctpoenHble Takum
0o0pa3oM 4YacTHBIE peIIeHUs (YUCIO KOTOPBIX PABHO YHCIY CBOOOIHBIX HEU3BECTHBIX)
00pa3yoT (yHIaMEHTAIbHYIO CHUCTEMY pemeHuid. B gaHHOM ciydae oOiiee perieHue
(naitnennoe merogom ["aycca) umeer BU:

(1, X2, (=5/2)x1+5x2, (7/2)x1=7x2).
OyHnnameHTanpHas cucrema permenwnii: (1, 0, =5/2, 7/2), (0, 1, 5, —7), moboe pemieHue
(x1, X2, X3, X4) MTAaHHOW CUCTEMBI YPaBHEHHUU MOXKET OBITh MPEJICTABICHO B BUJEC JIMHCHHOU

KOMOWHAIINY:

Cl(la 07 -5/2 s 7/2)+C2(09 19 59 _7)3 Irae C1=xp, C2=xz,



