§2 KommuiekcHble yucia

JIEMCTBUS HAJT KOMIIJIEKCHBIMU YNCJIAMU
I'EOMETPUYECKOE NM30bPA’KEHWE KOMIUIEKCHbBIX YHUCEJI

KomrmiekcHbIMU YHClIaMy Ha3bIBAIOTCS YKCla BUJa z=a+bi, rae a u b - nelicTBUTEIbHbIE
4HCIa, i - HEKOTOPBIA CUMBOJI, KBaIpaT KOTOPOIro paBeH -1, T. e. i’=-1. Takas dbopma 3anucu
KOMILIEKCHOTO YHCJIa Ha3bIBaeTCs aireOpandeckoil GopMoON KOMIUIEKCHOTO 4ucia. Yucio a
Ha3bIBAaCTCs ACHCTBUTEILHOM YaCThIO YKCIIa Z U 0003HadaeTcst Rez, bi - ero MHMMOM 4acThIO,
a b - xodpdunuenTom nmpu MHHUMOW enuHMIIC W 0Oo3Hadaercs Imz. Ilmockocth, TOUKH
KOTOPOM  OTOXIECTBICHbI C KOMIUIEKCHBIMHU YHCJIaMHU, Ha3bIBAETCS  KOMIUIEKCHOM
IUIOCKOCTBI0. Och abcuyce STOM IIJIOCKOCTH HAa3bIBAETCS JIEHCTBUTENILHOM OCBIO, a4 OCh
OpIUHAT - MHHUMOM ocbhlo. UHCIOM, CONpPSDKEHHBIM YHWCITY Zz = a +biHa3bpIBaeTCsd YHUCIO
z=a—bi.

CrnoxxeHue, YMHOXXEHUE, BBIUMTAHUE U JICJICHHE KOMIUICKCHBIX YHCENl, 3allCAHHBIX B
BUJIC a+bi, TPOU3BOAATCS CIEIYIONIUM 00pa3oM:

(a+bi)+(c+di)=(a+c)+(b+d)i;

(a+bi)-(c+di)=(a-c)+(b-d)i;

(a+bi)(c+di)=(ac-bd)+(ad+bc)i;

a+bi _ac+bd bc—ad .

= i.

ctdi c+d> I +d’

MpI MOXKeM cKa3aThb, YTO MPH CIOKEHUH KOMIUIEKCHBIX YHCEN CKIIAJBIBAIOTCS OTIEIHHO
WX JICWCTBUTENbHBIE YaCTU U OTACIHbHO MX MHHMBIE YacTH; aHAJIOTUYHOE IMPABUIO HWMEET
MecTo M i BbiunTaHus. [locnenHioro u3 3tux Gopmyn HET HEOOXOAUMOCTH 3allOMUHATh;
CJeyeT JIUIIb IOMHHUTb, YTO €€ MOXHO JIETKO BbIBECTH. J[eCTBUTENBHO,

a+bi _(a+bi)c—di) _(ac +bd) +(bc —ad)i _ac +bd +bc —-ad .

c+di  (c+di)(c —di) c? +d? i +d> A +dP

Ipumepwi.

(1+2i)+(3-4i)=(1+3)+(2-4)i=4-2i;

(2-5i)-(4-6i)=(2-4)+(-5+6)=-2+i;

(1+30)(2-21)=(12-30-2))+(14-2)+312)i=8+4i;

345 _ (3+5)(1—-i) _8+2i

1+i (1+0)1-0) 2

N300paxeHnne KOMIUIEKCHBIX YHCENl TOYKaMH IJIOCKOCTH MPUBOAUT K €CTECTBEHHOMY
JKEIaHUI0 HMMETh T'€OMETPUYECKOE HCTOJKOBAHUE Olepanui, ONpeNeNeHHbIX s
KOMIUJIEKCHBIX YHCEN.

JIJist CIIO’KEeHUsI TaKoe MCTOJIKOBAHHME MOXKET OBITh MoiiydeHo Oe3 3arpymHeHuit. [lycthb
JIaHbl yucna z;=a+bi u z,=c+di. CoenmuHsIeM COOTBETCTBYIOIIUE UM TOYKH (a,b) u (c,d)
OTpe3KaMHl C HadajJoM KOOPIMHAT W CTPOMM Ha OTHUX OTpe3Kax, KaKk Ha CTOpPOHAX,
napauierorpamm (puc. 1). UeTBepToil BepIIMHOM 3TOr0 NmapajjiesorpaMma 0yner, O4eBUTHO,
Touka (a+c,b+d). Takum oO0pa3oM, crodcenue KOMNIEKCHbIX YUCEl 2eoMempuiecKu
BLINOIHAECMCS NO NPABUNY NAPATNEN0ZPAMMA, M. e. N0 HPABUNLY CIONCEHUs BEKMOpOs,
BLIX0OAWUX U3 Hayala KoopOunam. Jlanee, uucio, npomusononodicrhoe yuciy z=a+bi, 6yoem
MOYKOU KOMNJIEKCHOU NJIOCKOCMU, CUMMEMPUYHOL C MOYKOU Z OMHOCUMENbHO HAYdld
koopounam (puc. 2). Orcroma 0e3 Tpyda MOXKET OBITh IOIYYEHO T'€OMETPHUYECKOE
HCTOJIKOBAaHUE BBIYUTAHUS.
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['eoMeTpHUYECKHII CMBICIT YMHOXCHHUSI W JICIICHUS] KOMIUIEKCHBIX YHCEN CTAHET SICHBIM
JUIIb TIOCTIE TOTO, KaK MBI BBEAEM JJIsI KOMIUIEKCHBIX YHCENT HOBYIO 3aIlUCh, OTIIMYHYIO OT
YIIOTPEOIISBIICHCS HAMH J0 CUX TIOp. 3alKCh YUCIia z B BUAE z=a+bi UCTIONB3YeT AeKapTOBBI
KOOpJMHATHl TOYKH, COOTBETCTBYIOIICH 3TOMY uuciy. [lomokeHHe TOYKM Ha TIOCKOCTH
BIoJTHE ompenensercs. OIHAKO, TaKKe 3alaHUEeM €€ TIOJSIPHBIX KOOPAWHAT: PACCTOSHUS 7' OT
Havajia KOOPJMHAT J0 TOYKH U yria ¢ MexIy MOJ0KUTEIbHBIM HAITPABICHUEM OCH aOCIHCC
Y HaIlpaBJIECHUEM U3 Hayaja KOOpAUHAT Ha 3Ty TOUKY (puc. 3).

JimHa BekTOpa, M300pakalomlero KOMIUICKCHOE YHCIIO Ha TUIOCKOCTH, Ha3bIBACTCs

MOAYJIEM ATOTO 4YHCJIa, 0003Ha4aeTcss OYKBOW » W 00O03HA4YaeTCs |Z| Uucno r sBusieTcs
HEOTPHIIATEIILHBIM JICHCTBUTEIBHBIM YHCIIOM, TIPUYEM OHO PaBHO HYIIO JIHMIIb sl TOUKH 0.

JU1s z, pexalero Ha JEHCTBUTEIBLHOM OCH, T. €. SBIIIOIIECTOCS JCHCTBUTEIHLHBIM UYMCIIOM,
4quCyo 7 OyAeT aOCONMIOTHON BETMYMHOM Z.
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Yron ¢ Mexay MOJOKUTEIbHBIM HAIpPaBICHUEM OCH alCIMCC M HalpaBJICHUEM U3
Hayaja KOOpPAMHAT Ha TOYKY Z Ha3bIBAETCA apryMEHTOM KOMIUIEKCHOIO 4YuCila zZ M
obOo3HauaeTcs argz. Yrosl ¢ MOXET NPUHUMATh JIIOOBbIC JCHCTBUTEIbHBIC 3HAYCHUS, Kak
IIOJIOKUTENBHBIE, TaK W OTPULIATENIBHBIE, NPUYEM IIOJOXKUTEIbHBIE YIVIbl  JOJDKHBI



OTCUMTBHIBATHCS MPOTHUB YaCOBOM CTPENIKU. APryMeHT He ompejesieH Julb 1 yucaa 0, aTo
YKCJIO BIIOJIHE ONPENENSIETCS, OTHAKO PABEHCTBOM |0| =0.

ApPryMEHT KOMIUICKCHOTO YHCJa SBJISETCS E€CTECTBEHHBIM OO0OOIIEHHEM 3HaKa
JEUCTBUTEIBHOTO 4uciaa. B camom pene, apryMeHT IOJIOKUTEIBHOTO JIEHCTBUTEIBHOIO
yucia paseH (, apryMeHT OTpPHUUATEIBHOTO JEHUCTBUTENBHOIO 4YHCIa paBeH TL Ha
JIEHCTBUTENIBHOM OCH M3 Hadajla KOOPJAMHAT BBIXOJAT JIMIIb JBa HAIPABJICHUS U UX MOXHO
pasnauyath IBYMS CHMBOJAMM + M -, TOTJa KaK Ha KOMIIJICKCHOM IUIOCKOCTH HaIIPABJICHUN
BBIXOJAIIMX U3 TOYKH (), 0ECKOHEYHO MHOT'O U Pa3JIMYAIOTCSl OHU yXKE YIJIOM, COCTaBIIIEMbIM
VMU C IIOJIOXKUTEIIbHBIM HAIIPaBJICHUEM JCUCTBUTEIBHONU OCH.

Mexy 1eKapTOBBIMU M NOJSPHBIMU KOOPAMHATAMU TOUYKM CYILIECTBYET CIIEAYOLIas
CBS13b, CIIPaBEIMBAsI IPH JFOOOM PaACIOI0KEHUU TOUEK Ha MJIOCKOCTH:

a=cos@, b=sing. (1)
Orcrona

r=|z| =|a +bi| =\a* +b’. ()

[Tpumenum popmyisl (1) kK MPOU3BOILHOMY KOMIUIEKCHOMY YHUCITY Z.

z=a+bi=rcos @+r(sin@)i,
WIn
z=r(cos@+ising). 3)
OO6parHo, MyCTh YKCII0 z=a+bi NOMyCKAeT 3aIUCh BUIA Z=F(COS Ppt+isin@y), tae ro u @y -
HEKOTOPBIE ACHCTBUTEIbHBIC YHCIIa, puueM 7=>0. Torna rocos@o=a, ry sin@y=b, oTKyIa

re=Na +b* 1. c., seuny (2), 7, =z

sin@p=sin@, 1. e. Pp=argz.Taxum 00pa3oM, 8cIKOe KOMNIEKCHOE YUCLO Z OOHOZHAYHBIM

. Otcrona, ucnon3ys (1), moyuaem: cos@y=cos @,

0bpaszom 3anucvléaemcsi 8 guoe (3), coe r = |Z

, §=argz (npuuem aprymeHT ¢ onpezencH

JIMIIBb C TOYHOCTBIO A0 ClIara€MbIX, KpaTHBIX ZT[) JTa 3aIKCh YMCIIa Z HA3hIBACTCS €TI0

MPULOHOMEMPULECKOL YOpMOLL, TIE ¥ = |z , @ apT'YMEHT () BBIYKMCISICTCS] U3 PABEHCTB:

cos@=a/r, sing=>b/r. 4)

@DopMyJbl YMHOXKEHHUS U JIEJIEHUs] KOMIUJIEKCHBIX YHCEJ B TPUTOHOMETpHUUYECKOi (dopme
HMMEIOT CIEAYIOLINUN BUI:

z,2,=(r (cos@tising)) (ro(cosy+ising))=rro(cos(@+Y)+isin(¢+y)), (5)

z,  r(cos@ +isin 7 ..
2o COSPHISNG) _ 1 g~y +isin(p ). (6)
z, n(cosy+ismy) r,
JleCTBUTENbHO, MYCTh KOMIUJIEKCHBIE YHCIA Z; U Z; 3aJaHbl B TPUTOHOMETPUUYECKOM
bopme: z;=r(cos@+ising), z,=r;(cosy+isiny). [lepeMHOKHUM ITH YHCIA:

z12,=(r (cos@+tising))(r,(cosy+isiny))=
=rra(co@cosy+i co@siny+i sin@cosy- sin@siny)= riry(cos(@+)+isin(@+ ().

AHaIOTrU4HO A1 9aCTHOTO, e 7»20.



Z _ ri(cos¢ +ising) _ r(cos@ +ising )(cosyy —isiny) _

z, n(cosy +isiny) 1, (Cos’ ( +sin’ )

r . . . . .
=—L(cos@ cosy +isin@ cosy —icos@ siny +singsiny/) =
n

= :—l(cos(¢ ) +isin(p ).

Ortcroza cineayer, 4to

|le2| = |Zl||zz

, (7)
z |Zl|
A

T. e. MoOynb npouszsedeHuss KOMHIACKCHbIX YUCeL pPABeH NpOU36e0eHUI0 MOoOyiell

COMHOdCUmenel, MoOyib Y4ACMHO20 08YX KOMNJIEKCHbIX YUCel DPAGeH MOOYIIO OeauMozo,
OelleHHOMY Ha MoOyb Oerumens. Jlanee,

arg(z,z,) =argz, targz,, 9)
arg ? =argz —argz,. (10)
2

T. e. apeymenm npoussedenuss KOMNIEKCHbIX UHUCEN pAGeH CyMMe ap2yMeHmos
COMHOdCUmMeNnel, ap2ymMenm 4acmHo2o 08X KOMNIEKCHbIX YUcCel NOYy4aemcs bl4umaHnuem
apaymenma oenumes u3 apeymMenma 0enumozo.

['eomeTpUuecKril CMBICTT YMHOXEHHS U JICTICHHsI BBISICHIETCS Terneph 0e3 3aTpyJHEHUH.
HevictBurensHo, BBULy (opmyn (7) u (9), MBI MOJIYyYUM TOYKY, H300paKaIONIyIO
IIPOU3BENICHUE YNCIA Z; HA Z» , €CIIM BEKTOp, uaymui ot 0 kx z; (puc. 4), IOBEPHEM Ha Yroj
{J=argz,, a 3aTeM pacTSHEM 3TOT BEKTOp B 7, pa3. Hanee, u3 (6) cinenyer, uyto npu z,;70 Oyzaer

27 =17 (cos(~) +isin(-9)), (11)

_ -1 -1\ -1
—|zl| , arg(z, )= -—argz,. Takum o0Opa3oM, Mbl MOJIY4YUM TOUKY z; , €CIH OT
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re
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TOYKH Zz; TCpCUACM K TOYKCE Z]’, JIC)KAIICn Ha PACCTOSIHUU 7 OT HYJA Ha TOU IXKC

MOJIYIIPSIMOM, UTO M TOYKa z; (pUC. 5), a 3aTeM MeperseM K TOYKe, CUMMETPUYHOU C Z;
OTHOCHUTEJIBHO JIEUCTBUTEIIBHOU OCH.
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Crnemyer 3aMeTUTbh, YTO JIJISi KOMIUIEKCHBIX 4YMCeNl TOHATHs "Oombine" u "MeHbie" He
MOFYT 6LITI: pa3yMHo OHpe,[[eJICHBI, TaK KaK 3TH 4HCJia, B OTIIMYUC OT HeﬁCTBHTGHBHLIX YHUCCII,
pacrmoyiaraloTcsi HE Ha TPSAMON JIMHUM, TOYKHM KOTOPOM €CTECTBEHHBIM OOpa3oM
YOOPSAIOYEHBI, @ Ha IIOCKOCTU. [lo3TOMy camu KOMIUIEKCHbIE uMclia (2 HE MX MOJYJIH)
HUKOTJIa HEJIb3s1 COSIMHATH 3HAKOM HEPaBEHCTRBA.

3ameuanue: B35 cosoxynHocms KOMNIEKCHbIX yucen a+bi, mvl nonyuum uuciogoe noie,
OMHOCUMENbHO Yemblpex apuhhmMemuyeckux onepayuil. CloHCeHuUs, YMHONCEHUS, BbIYUMAHUSL
u Oenenusi (3aMKHYMOCHb IMUX Onepayull NOKA3aHa uvluie).



